In this paper, we show that there exist families of curves (defined over an algebraically closed field k of characteristic p) whose Jacobians have interesting ptorsion. For example, we produce families of curves of large dimension so that the p-torsion of the Jacobian of each fibre contains multiple copies of the group scheme α p . The method is to study curves which admit a (Z/2) n -cover of the projective line.
Introduction
When investigating abelian varieties defined over an algebraically closed field k of characteristic p, it is natural to study the invariants related to their p-power torsion such as their p-rank or a-number. Such invariants are well-understood and have been used to define stratifications of the moduli space A g of principally polarized abelian varieties of dimension g, [9] . There is a deep interest in understanding how the Torelli locus intersects such strata in A g . At this moment, there are many open questions on this subject. In particular, it is unknown which a-numbers occur for Jacobians of smooth curves in characteristic p. More generally, one can ask whether the locus of curves with given a-number has the expected codimension in M g and whether this locus intersects other subloci such as the hyperelliptic locus transversally.
In this paper, we give evidence supporting a positive answer to these questions by producing families of curves so that the p-torsion of the Jacobians of the fibres contains certain group schemes. For example, in Section 4 we produce curves so that the p-torsion of the Jacobian contains multiple copies of the group scheme α p = Spec(k[x]/x p ) and thus has non-trivial a-number. The main interest in these results is not only that certain group schemes occur in the p-torsion of Jacobians, but also that the dimension of the families is large in relation to the dimension of the natural subloci in which they lie. Theorem 1.1. Suppose n ∈ N and p ≥ 2n + 1. For infinitely many g, the locus of curves of genus g having a-number at least n has codimension at most n in H g,n .
Here H g,n is a sublocus of the moduli space M g of curves of genus g which is a generalization of the hyperelliptic locus. It consists of all curves which admit a (Z/2Z) nGalois cover of the projective line. The a-number of a k-curve X is the a-number of its Jacobian, namely dim k Hom(α p , Jac(X )).
where X is a smooth projective k-curve of genus g. For such a cover f , we show that (up to isomorphism) the Jacobian of X decomposes into 2 n − 1 factors which are Jacobians as well. We study some geometric properties of the Hurwitz space H g,n which parametrizes isomorphism classes of such covers f .
The moduli space H g,n
We first recall some results about the coarse moduli space parametrizing isomorphism classes of G-Galois covers f : X → P 1 k where X is a smooth projective k-curve of genus g. This description is related to the theory of Hurwitz schemes and gives a framework to describe these covers. In particular, this framework allows one to consider families of such covers with varying branch locus, to lift such a cover from characteristic p to characteristic 0, or to study the locus in M g of curves with a certain type of action by G.
To be precise, let F g,n be the contravariant functor which associates to any k-scheme Ω the set of isomorphism classes of G-Galois covers f Ω : X Ω → P 1 Ω where X is a flat Ω-curve whose fibres are smooth projective curves of genus g and where the branch locus B of f is a simple horizontal divisor. Since each inertia group is cyclic, the RiemannHurwitz formula implies g = 2 n−2 |B| − 2 n + 1. We assume that g ≥ 1. The following facts about the Hurwitz scheme which coarsely represents this functor are well-known over the complex numbers.
Lemma 2.1. i) There exists a coarse moduli space H g,n for the functor F g,n which is
smooth and finite over Z [1/2] .
ii) There is a natural morphism τ : H g,n → M g whose fibres have dimension three.
iii) There is a natural morphism β : H g,n → P |B| which is proper andétale over the image.
Proof. See [13, Chapter 10] for the construction of H g,n and the morphisms τ and β over C. The corresponding statements over Z [1/2] follow from [14, Theorem 3.1] which states that if R is a noetherian complete local ring with residue field k and (C, B) is a smooth marked R-curve, then there is an equivalence of categories of tame covers of C branched at B and tame covers of the special fibre C k branched at the specialization B k .
We will use some of the following details about the morphisms τ and β. Recall that the morphism τ associates to any Ω-point of H g,n the isomorphism class of X Ω , where
Ω is the corresponding cover of Ω-curves. The fibres have dimension three since X Ω is isotrivial if and only if after a pullback of the base there is a projective linear transformation ρ such that ρ f Ω is constant, [11] . We denote by H g,n the image τ(H g,n ) in M g . Given a smooth connected k-curve X , then X corresponds to a point of H g,n if and only if G ⊂ Aut(X ) with quotient X /G ≃ P 1 . When n = 1, H g,1 is simply the locus H g of hyperelliptic curves in M g .
The morphism β associates to any Ω-point of H g,n the Ω-point of the configuration space P |B| determined by the branch locus of the associated cover. More specifically, β associates to any cover f Ω : X Ω → P 1 Ω the Ω-point [a 0 : . . . : a |B| ] of P |B| where a i are the coefficients of the polynomial whose roots are the branch points of f Ω . Note that the k-points of the image of β correspond to polynomials with no multiple roots.
It is often more useful to describe the branch locus of f Ω directly as an Ω-point of (P 1 ) |B| . This can be done by considering an ordering of the branch points of f Ω . The branch locus of a cover corresponding to a k-point of H g,n can be any k-point of (P 1 ) |B| −∆ where ∆ is the strong diagonal consisting of points having at least two equal coordinates. In particular, for any Ω-point (b 1 , . . . , b 2g+2 ) of (P 1 ) 2g+2 − ∆ there is a unique hyperelliptic cover f Ω : X Ω → P 1 Ω branched at {b 1 , . . ., b 2g+2 } and X Ω has genus g.
The fibres of H g,n
We now describe some properties of a G-Galois cover f : X → P 1 corresponding to a point of H g,n . In fact, the cover f arises as the fibre product of n hyperelliptic covers which satisfy a strong disjointness condition on their branch loci.
Consider an isomorphism ι : (Z/2) n ≃ G. For i ∈ {1, . . . , n}, this isomorphism determines a natural element s i of order 2 in G. Let H i ≃ (Z/2) n−1 be the subgroup generated by all s j for j = i. Suppose for i ∈ {1, . . ., n} that B i is a non-empty finite subset of P 1 of even cardinality. For any non-empty S ⊂ {1, . . . , n}, denote by B S the set of all b ∈ P 1 such that b ∈ B i for an odd number of i ∈ S and denote by C S → P 1 the hyperelliptic cover branched at B S . Finally, let H S be the subgroup of G consisting of all elements ∑ n i=1 a i s i such that ∑ i∈S a i is even. Note that each H S is non-canonically isomorphic to (Z/2) n−1 . Furthermore, when S = {i} we have B S = B i and H S = H i . Lemma 2.2. Suppose f : X → P 1 is the normalized fibre product over P 1 of n smooth hyperelliptic covers C i → P 1 with branch loci B i . Then f is a G-Galois cover and the quotient of X by H S is the hyperelliptic cover C S → P 1 branched at B S .
Proof. The cover f : X → P 1 is a G-Galois cover of (possibly disconnected) smooth curves by the definition of the fibre product. Also by definition, C i → P 1 is the quotient of X by the subgroup H i .
The branch locus B of f equals ∪ n i=1 B i . For b ∈ B, the inertia group I b of X → P 1 above b must be cyclic; thus I b ≃ Z/2. In fact, the generator (α 1 , . . . , α n ) of I b satisfies α i = 1 if and only if b ∈ B i . To see this, note that if b ∈ B i , then C i → P 1 is branched at b
Since H S ≃ (Z/2) n−1 , the quotient X /H S → P 1 is hyperelliptic; it remains to show that the branch locus of this cover is B S . For b ∈ B, the cover X /H S → P 1 is branched if and only if I b ⊂ H S , which is equivalent to (α 1 , . . . , α n ) ∈ H S . So X /H S → P 1 is branched if and only if Σ i∈S α i is odd. Now, Σ i∈S α i = #{i ∈ S|b ∈ B i }, so this number is odd if and only if b ∈ B i for an odd number of i ∈ S. Thus X /H S is branched at B S by definition.
In Section 4, we construct covers f : X → P 1 corresponding to points of H g,n for which X is also hyperelliptic. For example, when n = 2, suppose f is the normalized fibre product of two hyperelliptic covers f 1 and f 2 . The curve X will also be hyperelliptic if its quotient C 1,2 = X /H 1,2 is isomorphic to P 1 . This occurs when g 1 = g 2 and B 1 and B 2 overlap in all but one point; or when g 2 = g 1 + 1 and B 1 ⊂ B 2 .
We say that the collection {B i } n i=1 is strongly disjoint if these two conditions are satisfied: first, the sets B S are distinct for all non-empty S ⊂ {1, . . ., n}; second, B = ∪ n i=1 B i is a simple horizontal divisor. In other words, if b 1 , b 2 ∈ B are two Ω-points of P 1 Ω for some scheme Ω, then the second condition insures that either b 1 = b 2 Proof. If f : X → P 1 is the normalized fibre product of n hyperelliptic curves with branch loci B i , then it is clear that f is a G-Galois cover and X is projective. Furthermore, C j → P 1 is disjoint from the normalized fibre product of all C i → P 1 for i ≤ j; otherwise, by Lemma 2.2, C j → P 1 would be isomorphic to C S → P 1 for some { j} = S ⊂ {1, . . .n}. This would imply B S = B j for some S = { j} which would contradict the fact that {B i } form a strongly disjoint set. Since these covers are disjoint over P 1 , it follows that X is connected. Also X is a smooth relative curve since B = ∪ n i=1 B i is a simple horizontal divisor. By hypothesis, X has genus g and so f corresponds to a point of H g,n .
Conversely, if f : X → P 1 corresponds to a point of H g,n , then X has genus g by definition. Consider the quotients C i → P 1 k of f by the subgroups H i of G for i = 1, . . ., n. These covers are clearly smooth and hyperelliptic. By the universal property of fibre products, there is a morphism from X to the normalized fibre product of the covers C i → P 1 . This morphism must be an isomorphism since both X and the normalized fibre product have degree 2 n−1 over C 1 . Also, X dominates the fibre product of any two of the quotients C S → P 1 with branch locus B S , by Lemma 2.2. Since X is connected, these quotients C S → P 1 must all be disjoint; in other words, the sets B S must all be distinct. Also, ∪ n i=1 B i is the branch locus B of f ; by definition, B is a simple horizontal divisor. Thus B i form a strongly disjoint set.
Corollary 2.4. The Hurwitz space H g,n has dimension
2 n−2 and is empty otherwise. When n = 2, the dimension of the locus H g,n of curves is g.
Proof.
The dimension of H g,n is equal to the dimension of (P 1 ) |B| , namely the number of branch points |B| of the corresponding covers. By the Riemann-Hurwitz formula, |B| = (g + 2 n − 1)/2 n−2 . By Lemma 2.1, the dimension of H g,n is three less than the dimension of H g,n , which simplifies to g when n = 2.
Decomposition of the Jacobian
We will now describe the isogeny class of the Jacobian for any curve X for which there exists a cover f : X → P 1 corresponding to a point of H g,n . For i ∈ {1, . . ., n}, suppose
k is a smooth hyperelliptic cover with branch locus B i . Suppose B i form a strongly disjoint set and let B = ∪ n i=1 B i . If C i has genus g i then B i consists of 2g i + 2 distinct branch points. Proposition 2.5. Suppose X =× P 1C i is the normalization of the fibre product of f i for i = 1, . . . , n. Then Jac(X ) is isogenous to ∏(Jac(C S )) where the product is taken over all non-empty S ⊂ {1, . . ., n}.
Proof. Note that X /H S is the hyperelliptic curve C S by Lemma 2.2. So the result follows directly from [6, Theorem C] if genus(X ) = Σ S genus(C S ). By the Riemann-Hurwitz formula, genus(
is the branch locus of X → P 1 , it follows that genus(X ) = 2 n−2 |B| − 2 n + 1. The proof follows by showing that Σ S |B S | = 2 n−1 |B| by the inclusion-exclusion principle. Remark 2.6. A special case of Proposition 2.5 is in [12] . Here Stepanov uses the fibre product of two hyperelliptic curves whose branch loci intersect in a single point to construct Goppa codes.
We thank Kani [5] for helping us with the proof of Proposition 2.7. Let N = 2 n − 1.
where the sum is taken over all non-empty S ⊂ {1, . . ., n}.
Proof. First, since char(k) = 2, the G-Galois cover f : X → P 1 k is tame. By [14] , there is a unique lift of f to characteristic zero. For this reason, there is a well-defined notion of the de Rham cohomology of X , namely the de Rham cohomology of its unique lift.
For every nonempty subset S ⊂ {1, . . . , n}, let ε S be the idempotent corresponding to the subgroup H S . In particular, ε S = ∑ h/2 n−1 , where the sum ranges over all h ∈ H S . Let ε G be the idempotent ∑ h/2 n , where the sum ranges over all h ∈ G. By Lemma 2.2, C S is the quotient of X by H S , so
. One can show directly that ε S ε S = ε S for all S (and thus that ε S is indeed an idempotent) and that
We construct an explicit homomorphism φ from
If ψ is the homomorphism from
Thus φ is an isomorphism. It is explicitly defined over Z [1/2] . In fact, φ is a Z[ We will use the following corollary in Section 4.
Corollary 2.8. Suppose char(k) > 2. The isomorphism class of the p-torsion of Jac(X )
and ∏ S (Jac(C i )) (and thus the p-rank and a-number) are equal where the product is taken over all non-empty S ⊂ {1, . . ., n}.
Proof. By 2.7, there is an isomorphism of Z[
. It follows that the degree of the isogeny in Proposition 2.5 is a power of two. Since p = 2, there is an isomorphism between Jac(X )[p] and ∏ S (Jac(C i ))[p] as group schemes, from which the result follows.
The geometry of the moduli spaces H g,n and H g,n
This section contains several results about the geometry of H g,n and H g,n which are not used in Section 4. For example, in Theorem 2.13 we show that H g,2 is connected if and
Proposition 2.9. The Hurwitz space H g,n is the disjoint union of closed smooth connected schemes H g,n,p indexed by partitions p of g into N natural numbers (in other words
). Proof. Suppose f : X → P 1 corresponds to a point of H g,n . By Lemma 2.3 the cover f has N hyperelliptic quotients C S → P 1 . Let {g 1 , . . ., g N } be the set of genera of C S . By Proposition 2.5, Σ N i=1 g i = g. For any partition p of g into N natural numbers, let H g,n,p denote the locus of isomorphism classes of covers f : X → P 1 in H g,n whose set of quotients C S have genera p. By Lemma 2.1 (i), H g,n,p is smooth over Z [1/2] . By [14, Proposition 4.7] , H g,n,p is closed since it satisifies the valuative criteria of properness. The intersection of two of the strata H g,n,p is empty since the partition corresponding to the cover f : X → P 1 is well-defined.
To show that H g,n,p is connected, it is sufficient to show that the fibre over C is connected. Consider two covers f and f ′ corresponding to points in H g,n,p . Since these covers have the same partition, one can identify the quotients C S of f by H S with the quotients C ′ S of f ′ by H S so that the genus of C S and C ′ S are equal. In particular, the branch loci B i and B ′ i of C i and C ′ i have the same size for 1 ≤ i ≤ n. There is a morphism γ : [0, 1] → (P 1 C ) |B| − ∆ so that: the coordinates of γ(0) are the branch points of f ; the coordinates of γ(1) are the branch points of f ′ ; the coordinates of γ which correspond to the branch points of B i and B ′ i are the same for each 1 ≤ i ≤ n; and the image of γ avoids ∆. Consider the image γ 1 of γ under the natural morphism (P 1 ) |B| → P |B| . Since β isétale, γ 1 lifts to a unique
In fact, the image ofγ is in (H g,n,p ) C . To see this, note that the liftingγ yields a deformation of f which must preserve the size of the branch loci B i and the genus of each quotient C i of f by H i . As a result, for each 1 ≤ i ≤ n, there is a well-defined notion of the coordinates of γ(x) corresponding to the set of branch points B i (x) of the quotient ofγ(x) by H i . Finally,γ(1) = f ′ since f ′ is the unique fibre product of hyperelliptic curves with branch loci B i (1) for 1 ≤ i ≤ n. Since (H g,n,p ) C is path connected, it is also connected. Proof. Let f : X → P 1 correspond to a point of H g,2 . By Lemmas 2.2 and 2.3, the branch loci of the three Z/2-quotients satisfy
. By symmetry, each of g 1 , g 2 , and g 1,2 can be at most one more than the sum of the other two. These are the only restrictions on p = {g 1 , g 2 , g 1,2 } for which H g,n,p is non-empty. Without loss of generality, suppose
When g is even, then g 1,2 ≤ g 1 + g 2 . Thus the partitions {g 1 , g 2 , g 1,2 } of g correspond to the (possibly degenerate) triangles with perimeter g and integer sides. By [1] there are [(g + 6) 2 /48] non-empty components when g is even.
When g is odd, then g 1,2 = g 1 + g 2 and there are two cases to consider. If
There is a one-to-one correspondence between these partitions of g and the partitions {a 1 , a 2 , a 1,2 } of g −3 with a 1 ≤ a 2 ≤ a 1,2 and a 1,2 ≤ a 1 +a 2 (by taking a S = g S − 1). So these triples correspond to the number of (possibly degenerate) triangles with integral sides and perimeter g − 3. By the above result, there are [(g + 3) 2 /48] such triples. In the other case, g 1,2 = g 1 + g 2 + 1. So the number of triples equals the number of pairs 0 ≤ g 1 ≤ g 2 such that g = 2g 1 + 2g 2 + 1. There are ⌊(g + 3)/4⌋ such pairs.
When n > 2, it is more difficult to count the number of nonempty strata, as the interactions between the numbers g S pose additional restrictions on the partitions.
We will now consider the geometry of the locus H g,2 which is the union of irreducible components H g,n,p = τ(H g,n,p ). These irreducible components of H g,n can intersect since there exist curves X so that Aut(X ) contains several copies of (Z/2) 2 . Proof. Consider the three hyperelliptic covers f 1 :
Let f : X → P 1 be the normalized fibre product of these three covers. If m = (
Thus, g(X ) = 4m + 3 = g. The subcovers h 1 : X → C 1 and h 2 : X → C 2 are (Z/2) 2 -covers of the projective line and therefore correspond to two families of points of H g,2 .
A close analysis of the intermediate covers shows that the family h 1 (resp. h 2 ) lies in H g,2,{1,g 1 −1,g 1 +1} (resp. H g,2,{1,g 1 ,g 1 } ) . So the family of curves X of dimension g 1 + 1 lies in the intersection of the components H g,2,{1,g 1 −1,g 1 +1} and H g,2,{1,g 1 ,g 1 } .
Calculations show that Theorem 2.11 is the only result of its kind which arises from (Z/2) 3 or (Z/2) 4 covers of P 1 . In general it is unclear when the irreducible components H g,2,p will intersect, but one can show the following non-intersection result. 
First we show that H g,2,p 0 = H g,2 ∩ H g . Suppose that a curve X corresponds to a point of H g,2,p 0 . Then X corresponds to a point of H g,2 by definition and X has a Z/2-quotient of genus 0 so X corresponds to a point of H g also. Conversely, suppose X corresponds to a point of H g,2 ∩ H g . The hyperelliptic involution σ of X lies in the center of Aut(X ). Because X corresponds to a point of H g,2 , it has another involution τ. Since σ commutes with τ, the group σ, τ is isomorphic to (Z/2) 2 . So X → X / σ, τ is a (Z/2) 2 -cover of a genus 0 curve and it has a Z/2-quotient of genus 0. 
Note that a ≤ g/3. Let σ be the involution of X such that X / σ has genus 0 and let τ be the involution of X such that X / τ has genus a. As before, X → X / σ, τ is a (Z/2) 2 -cover of a genus 0 curve. This implies that X also corresponds to a point of H g,2,p 1 with partition p 1 = {0, a, g − a}. But p 0 was the unique partition containing 0 and so p 0 = p 1 . This implies that a ∈ {(g − 1)/2, g/2, (g + 1)/2}. Since a ≤ g/3, such a curve does not exist if g ≥ 4. So if g ≥ 4 and p = p 0 , then the intersection H g,2,p 0 ∩ H g,2,p is empty.
These results can be summarized in the following theorem.
Theorem 2.13. The sublocus H g,2 of M g is connected if and only if g ≤ 3.
Proof. By Proposition 2.10, if g ≤ 2 then H g,2 has exactly one connected component. By Proposition 2.10, if g = 3 then H 3,2 consists of two nonempty components, one corresponding to the partition {1, 1, 1} and the other corresponding to the partition {2, 1, 0}. By Proposition 2.11, these components intersect. If g ≥ 4, then there are at least two non-intersecting connected components of H g,2 by Proposition 2.12.
Remark 2.14. In [2] , Cornalba finds the dimension of various loci in M g of curves X so that Aut(X ) contains an involution. (These loci are contained in the singular locus of M g , [10] .) The automorphism group of the generic point of the intersection of two of Cornalba's loci can be either Z/2, S 3 or (Z/2) 2 . In the latter case, the intersection of two of Cornalba's loci is one of the components H g,2,p . Corollary 2.4 shows that the intersection of two of Cornalba's loci has larger dimension than expected. For example, when n = 2 and g = 2k +1 is odd, then H g,n,p 0 equals the intersection of the locus of Z/2-covers of a genus k curve (which has dimension 3k + 1) with the hyperelliptic locus (which has dimension 4k + 1). If these loci were generically positioned in M g , then the codimension of their intersection would be the sum of the codimensions, namely 5k + 10. However, the dimension g of H g,2,p 0 is larger than k − 4.
Similarly, when g is even, then H g,2,p 0 has dimension g by Corollary 2.4. Furthermore, it is the intersection in M g of the (2g − 1)-dimensional locus of hyperelliptic curves with the (3g/2 − 1)-dimensional locus of curves which are Z/2-covers of a genus g/2 curve.
Configurations of non-ordinary hyperelliptic curves
For the rest of the paper, we suppose char(k) = p > 2. Our goal is to find curves X having interesting p-power torsion, as measured in terms of invariants such as the p-rank and a-number. Corollary 2.8 shows that when a cover f : X → P 1 corresponds to a point of H g,n then such invariants for X can be determined by the corresponding invariants of its Z/2-quotients. Since these quotients are all hyperelliptic, one can apply results of Yui [15] . The main difficulty is to control the p-torsion of all of the curves C S in terms of the p-torsion of the curves C i .
Recall that a smooth hyperelliptic curve C of genus g defined over k admits a Z/2-Galois cover f : C → P 1 k with 2g + 2 distinct branch points. Without loss of generality, we suppose f is branched at ∞ and choose an equation for this cover of the form y 2 = f (x), where f (x) is a polynomial of degree 2g + 1. We denote the roots of f (x) by {λ 1 , . . . , λ 2g+1 }.
Denote by c j the coefficient of x j in the expansion of f (x) (p−1)/2 . Then:
where the sum ranges over all 2g + 1-tuples (a 1 , . . . a 2g+1 ) of integers such that 0 ≤ a i ≤ (p − 1)/2 for all i and ∑ a i = (2g + 1)(p − 1)/2 − j. Note that c j can be viewed as a polynomial in k[λ 1 , . . . , λ 2g+1 ] which is homogeneous of degree (2g + 1)(p − 1)/2 − j and which is of degree (p − 1)/2 in each variable.
Let A be the g × g matrix whose i jth entry is c ip− j . The determinant of A defines a polynomial in k[λ 1 , . . . , λ 2g+1 ] which we denote by Det(λ 1 , . . . , λ 2g+1 ) = Det( λ 2g+1 ). This polynomial is of degree at most g(p − 1)/2 in each λ i and is homogeneous of total degree g 2 (p − 1)/2. We denote by D g ⊂ (A 1 k ) 2g+1 the hypersurface of points λ 2g+1 = (λ 1 , . . . , λ 2g+1 ) for which Det( λ 2g+1 ) = 0.
In [15] , Yui gives this characterization of non-ordinary hyperelliptic curves.
Theorem 3.1. Suppose C is a smooth hyperelliptic curve of genus g. Then C is nonordinary if and only if there is a degree two morphism f
We now find some results on the geometry of the hypersurface D g which will be used in Section 4 to construct curves in H g,n whose p-torsion has prescribed invariants. Similarly, in the penultimate row of A , the total degree of c (g−1)p− j will be 3(p −
Because the degree of λ 1 for all c k in A is at most (p − 1)/2, then only the last two entries of the penultimate row contribute to the terms of Det( λ 2g+1 ) which are divisible by λ
. Also the coefficient of (
is exactly equal to one.
Continuing, we see that only terms which are on or above the diagonal can contribute to the desired term of Det( λ 2g+1 ). It follows that the only term of Det( λ 2g+1 ) which
comes from the product of elements of the diagonal, and also that the coefficient of this monomial is equal to one.
Lemma 3.3. The image of
Proof. It is sufficient to show that one of the coefficients of Det(λ 1 , . . . , λ 2g , λ 1 ) is nonzero. In particular, the coefficient of λ
is equal to 1. The reason is that this term is the product of terms in the diagonal of the Hasse-Witt matrix and that cannot appear again in the expansion of the determinant. This proof is identical to that of Lemma 3.2.
(where only the last coordinate varies).
Proof. By Lemma 3.2, the coefficient of
Since k is algebraically closed, f λ will have exactly d roots in k when counted with multiplicity. The polynomial f λ determines a finite separable cover of (A 1 ) 2g+1 as long as there exists some e such that p ∤ e and the coefficient of λ e 2g+1 in f λ is nonzero. This will occur for a Zariski open subset of (A 1 k ) 2g . By [7, Theorem 41 .1], the branch locus of the cover of (A 1 k ) 2g determined by f λ is pure of codimension 1. So the set of λ so that f λ (λ 2g+1 ) has multiple roots is a Zariski closed subset of (A 1 k ) 2g . Finally, we claim that for the generic choice of λ, the polynomial f λ has exactly d distinct roots away from ∆. By Lemma 3.3 and by symmetry, for each 1 ≤ i ≤ 2g, the value λ i is a root of f λ (λ 2g+1 ) only when λ is in a Zariski closed subset of (A 1 ) 2g . Thus away from a Zariski closed subset, the roots of f λ lie away from ∆.
It will be useful to prove the following strengthening of Proposition 3.4
Proof.
k is contained in the complement C g of U g . Note that the complement of U g is a Zariski closed subset defined by equations which are each symmetric in the variables λ 1 , . . . , λ 2g . On the other hand, any component
is defined by equations that do not involve λ 2g . Since the ideal of C g is not contained in the ideal of V , it follows that V is not contained in C g .
Results on p-torsion of Jacobians

Curves with prescribed a-number
For a curve C defined over an algebraically closed field k of characteristic p, the a-number of C can be defined to be the a-number of its Jacobian, namely dim k Hom(α p , Jac(C)) where α p is the group scheme Spec(k[x]/x p ). A generic curve will have a-number equal to zero and it is known that for any a > 0 the locus in M g of curves with a-number a will have codimension at least a. It is not known whether (for all g and all 0 < a ≤ g) there exists a curve of genus g with a-number equal to a. The results in this section give some evidence for a positive answer to these questions.
We note that these results can be viewed as a generalization of [8, Section 5] . In this paper, Oort considers curves C of genus g = 3 with a group action by G = (Z/2) 2 so that the three Z/2-quotients of C are all elliptic curves. He shows that there exist (nonhyperelliptic) curves of genus 3 with a-number 3 for all primes p ≥ 3 as well as hyperelliptic supersingular curves of genus 3 with a-number 3 for all p ≡ 3 mod 4. Proof. This is immediate from Proposition 3.4.
Next, there is a (2g − 2)-dimensional family of hyperelliptic curves with a-number 1. Proof. By Proposition 3.4, there is a Zariski open subset U g of (A 1 k ) 2g consisting of points (λ 1 , . . . λ 2g ) for which there exists λ 2g+1 so that Det( λ 2g+1 ) = 0. So the hyperelliptic curve branched at ∞ and λ i for 1 ≤ i ≤ 2g +1 is non-ordinary. As a result it has a-number greater than or equal to 1. By Lemma 2.1, there exists a 2g-dimensional family of hyperelliptic covers f : X → P 1 k so that the a-number of Jac(X ) is at least 1. A subfamily of this 2g-dimensional family of covers is isotrivial if and only if the fibres are isomorphic after an affine linear transformation. So this family yields a 2g − 2-dimensional family of smooth hyperelliptic curves with a-number at least 1. For the proof of Theorem 4.3, we will construct a fibre product f : X → P 1 of n hyperelliptic covers f i so that the disjoint union of any two of the branch loci B i will consist of exactly two points. It follows that the curves C i, j will have genus zero.
Proof. Write g = 1 + k2 n−2 . If k ≡ n mod 2, let g 1 = (k + 3 − n)/2. Note that g 1 ≥ 1. By Propositions 3.4 and 4.2, for a Zariski open subset U g 1 of (A 1 k ) 2g 1 , there are at least n choices η 1 . . . , η n for λ 2g 1 +1 such that the corresponding curve is non-ordinary, as long as n ≤ g 1 (p − 1)/2. Let f i : C i → P 1 for 1 ≤ i ≤ n be the hyperelliptic U g 1 -curves corresponding to these choices. Let f : X → P 1 be the normalization of the fibre product of the covers f i . Note that X is branched at B = {∞, λ 1 , . . . , λ 2g 1 , η 1 , . . . , η n }. By Proposition 2.5, the genus of X will be 2 n−2 (2g 1 + 1 + n) − 2 n + 1 = g and the a-number of X is the sum of the a-numbers of the quotient curves C S . By construction, each C i has a-number at least one, so the a-number of X is at least n. The dimension of this family of curves is 2g 1 − 2 = |B| − 3 − n and thus has codimension n in H g,n .
Alternatively, if k ≡ n mod 2, let g 1 = (k + 2 − n)/2 and note g 1 ≥ 1. By Proposition 3.5,
. In other words, for any (λ 1 . . . λ 2g 1 +2 ) in a Zariski open subset of (A 1 k ) 2g 1 +2 , the following are true: (λ 1 . . . λ 2g 1 +1 ) ∈ D g 1 ; and there are at least n − 1 choices of λ 2g 1 +3 with (λ 1 . . . λ 2g 1 +3 ) ∈ D g 1 +1 (as long as n ≤ 1 + (g 1 + 1)(p − 1)/2). Consider the fiber product f : X → P 1 of the genus g 1 hyperelliptic curve with the n −1 genus g 1 +1 hyperelliptic curves defined by these branch loci. Note that X is branched at B = {∞, λ 1 , . . . , λ 2g 1 +2 , η 1 , . . . , η n−1 }. As above, the normalization of this fibre product will have genus 2 n−2 (2g 1 + 2 + n) − 2 n + 1 = g and a-number at least n. By Proposition 3.5, the family of covers given by (λ 1 , . . . , λ 2g 1 +2 ) has dimension 2g 1 + 1. The corresponding family of curves has dimension 2g 1 − 1 = |B| − 3 − n and thus codimension n in H g,n .
As g increases, the condition on p becomes less restrictive; for all g it is sufficient if p ≥ 2n + 1.
When n = 2 or n = 3, then the curves found in Theorem 4.3 are in fact hyperelliptic. Proof. We show that the fibres of the family constructed in Theorem 4.3 are hyperelliptic. If g is even, note that the branch loci of f 1 and f 2 differ in only one point. The third quotient C 1,2 of X by Z/2 is branched at only two points η 1 and η 2 . So the cover X → C 1,2 is hyperelliptic. Likewise, if g is odd, then the third quotient C 1,2 of X by Z/2 is branched at only two points λ 2g 1 +2 and η 1 so the cover X → C 1,2 is hyperelliptic. Proof. It is sufficient to show that the fibres of the family constructed in Theorem 4.3 are hyperelliptic. In both cases of the construction, if S = {1, 2}, {1, 3}, or {2, 3}, then the quotient C S → P 1 of X by H S ≃ (Z/2) 2 is branched at only two points and so C S has genus 0. Consider the quotient X ′ of X by the subgroup H ′ ≃ Z/2 generated by h = (1, 1, 1) . Note that if S = {1, 2}, {1, 3}, or {2, 3}, then h ∈ H S and so X ′ dominates C S . So X ′ has genus zero since X ′ → P 1 is a (Z/2) 2 -cover having three Z/2-quotients of genus zero. It follows that X → X ′ is hyperelliptic. In the case of a-number 2 it is clearly sufficient to be able to construct curves with a-number exactly one, as above. This will not be enough in the a-number 3 case, as one would still have no control over the a-number of C 1,2,3 . For example, if g = 5 in order to construct a curve of a-number equal to 3 one would need to find supersingular values λ 1 , λ 2 and λ 3 so that the hyperelliptic curve of genus two branched at {0, 1, ∞, λ 1 , λ 2 , λ 3 } is ordinary. With a different construction, it is possible to show that there are families of curves of every genus with a-number at least 3 or 4 but which are not necessarily hyperelliptic. Proof. If g is even, let g 1 = g/2. From Corollary 4.4 there exists a (g 1 − 2)-dimensional family of smooth hyperelliptic curves with genus g 1 and a-number at least 2. For each such curve C 1 , there is a hyperelliptic cover f : C 1 → P 1 which is branched at 0, 1, and ∞. Let C 2 be an elliptic curve also branched at 0, 1, and ∞ with a-number at least 1. The disjoint union of the two loci will consist of (2g 1 + 2) + 4 − 6 = 2g 1 points, and thus it follows from Proposition 2.5 that the fiber product of C 1 and C 2 will be a curve with genus g 1 + 1 + (g 1 − 1) = 2g 1 = g and a-number at least 3.
If g is odd and g ≥ 5, let g 1 = (g − 1)/2. By Corollary 4.4, there is a g 1 − 2 dimensional family of curves with a-number at least two. For each such curve C 1 , there is a hyperelliptic cover f : C 1 → P 1 which is branched at 0, 1, and ∞. There is a one dimensional family of covers g : C 2 → P 1 so that C 2 is a non-ordinary elliptic curve and g is branched at 0 and 1. This yields a g 1 − 2 + 1 = (⌈g/2⌉ − 2)-dimensional family of curves with the desired properties.
For the case g = 3, Oort constructs curves with a-number 3 in [8] . Proof. The proof of this corollary exactly parallels that of Corollary 4.8, except that we choose C 2 to be a curve with genus 2 and a-number at least 2.
Curves with prescribed p-torsion
In this section, we find families of curves containing group schemes other than α p in the p-torsion of their Jacobians. If X corresponds to a point of H g,n , it follows from Proposition 2.7 that Jac(X )[p] is the direct sum of Jac(C S )[p] where C S is the quotient of X by H S and S ranges over the 2 n − 1 nonempty subsets of {1, . . ., n}.
Recall that Ekedahl and Oort have defined a stratification of A g , the moduli space of all principally polarized abelian varieties of dimension g, [9] . This stratification involves the group scheme of p-torsion points of the abelian variety A and the action of Frobenius If s = 2m is even, then B 1 = B ∪ {η 1 , . . . , η 2m } and B 2 = {η 1 , . . . , η 2m } satisfy these restrictions. There are 2m = s choices for the points η i . If s = 2m + 1 is odd, then the choice of B 1 = {λ 1 , . . . , λ 2g+1 , η 1 , . . . , η 2m+1 } and B 2 = {λ 2g+2 , η 1 , . . . , η 2m+1 } satisfy these restrictions. There are 2m + 1 = s choices for η i . Generically C 1 and C 2 will both be ordinary. The Jacobian of the fiber product X of C 1 and C 2 has the required p-torsion.
Consider the group scheme k[F,V ]/(F 3 ,V 3 , F 2 +V 2 ). This group scheme corresponds to the p-torsion of an abelian variety of dimension 2 which has a-number 1 and p-rank 0. Proof. This follows immediately from Proposition 4.10 using the 1-dimensional family of curves C of genus 2 with Jac(C) [ 
In some cases, the above process produces a hyperelliptic curve. Proof. If s = 1 or s = 2 in Theorem 4.10, then B 2 consists of exactly two points. This implies that the fiber product of C 1 and C 2 is hyperelliptic and its Jacobian has p-torsion
The statement follows by iteration.
For every g and every 0 ≤ f ≤ g, the locus V g, f of curves of genus g with p-rank exactly f has codimension g − f in M g , [4] . It is not known in general whether V g, f intersects subloci of M g such as H g . We show that V g, f intersects H g,2 for all f ≥ ⌈g/2⌉. 
